We study a system of polar dipolar fermions in a two-dimensional optical lattice and show that multi-band Fermi-Hubbard model is necessary to discuss such system. By taking into account both on-site, and long-range interactions between different bands, as well as occupation-dependent interand intra-band tunneling, we predict appearance of novel phases in the strongly-interacting limit.
While most of the works have dealing with higher bands concentrated on bosonic systems, in this paper, we study dipolar fermions confined in 2D optical lattice V latt = V 0 sin 2 (πx/a) + sin 2 (πy/a) + mΩ 2 2 z 2 , where V 0 is the lattice depth, a is the lattice constant, m is the mass of the molecule, and Ω is the frequency of harmonic potential in z direction. The dipoles are polarized along the direction of harmonic trapping. Usually, at low temperature and for low tunneling, the phase diagram consists of different crystal states whose structure depends on the filling n [7] . In this paper, we derive a Fermi-Hubbard model for dipolar fermions including the effects of higher bands. We show that, even for moderate dipolar strength, it is necessary to take into account the excitations along the z direction. Simultaneously, in this regime, the interaction induced hoppings along the lattice give also important contributions. This changes the phases expected for a spinless Hubbard model including only a single band. Near n 1/4, we find a crossover to one dimensional (1D) chains of decoupled Luttinger liquids along with density wave order. Near n 1/2, we find that the system can be mapped to an extended pseudo-spin 1/2 Hubbard model with different emergent lattice configuration. We find a regime where chiral pwave superconductivity emerges through Kohn-Luttinger mechanism with transition temperature T c of the order of tunneling. This gives rise to an exotic supersolid, with the diagonal long-range order provided by the checkerboard pattern of the lower orbital fermions, while the superfluidity originating from the fermions in the higher band.
The Hamiltonian for the dipolar fermions in the second quantized form reads
, where Ψ(r) is a spinless fermion field operator. In the units of recoil energy E R = π 2 2 /(2ma 2 ), the single particle Hamiltonian becomes
is a dimensionless dipolar strength, related to the electric dipolar moment d. For KRb molecules with a dipole moment of 0.5 Debye confined in the optical lattice with a = 345nm [16] one gets D = 8.6. We decompose the field operator in the basis of Wannier functions in the x, y directions and of harmonic oscillator eigenstates in z direction. For convenience we introduce orbital index σ = {pml} denoting p, m and l excitations in x, y, and z direction respectively. In this basis the field operator Ψ(r) = i,σâ iσ W iσ (r), where W iσ (r) is the single-particle wave-function in orbital σ localized on site i = i x e x + i y e y (e x and e y are unit vectors in the proper directions). Fermionic operatorâ iσ annihilates particle in this state. The Hamiltonian can be rewritten in the following Hubbard-like form
Parameters E σ and J σ comes from the single particle Hamiltonian and denote single-particle energy and nearest-neighbour tunneling in orbital σ respectively. The inter-particle interaction has three contributions to the Hamiltonian (1b) : (i) the on-site interaction energy of fermions occupying different orbitals σ and σ ′ of the same site U σσ ′ , (ii) the long-range interaction energy of fermions occupying orbitals σ and σ ′ of different sites V σσ ′ (i − j), (iii) and the tunneling from orbital σ ′ at site j to the orbital σ at site i induced by presence of an additional fermion at site i in orbital σ ′′ denoted by T σ ′′ σσ ′ (i − j). The Hamiltonian (1) is very general. To get a physical understanding of its properties, we start by examining the properties of density-density interactions. We calculate the interactions between few lowest bands: s = {000}, p x = {100}, p y = {010}, p z = {001}, p xz = {101}, and p yz = {011}. We find that the onsite interactions U s,px = U s,py is always repulsive. It means that putting two fermions in s and p x or p y band simultaneously is energetically unfavorable. Remarkably we find that U s,pz is always negative. This surprising attraction stems from the presence of the fermionic exchange term and the shape of the dipolar interactions (see supplementary material). Moreover, as it is seen from Fig. 1a , this interaction can not be neglected even for stronger confinements in z directions. For higher orbitals we find that U s,pz ≪ U s,pxz = U s,pyz < 0. In addition for long-range interactions we find that V s,s (i) > V s,pz (i) > V pz ,pz (i) > 0. From this analysis we conclude that for polar molecules there always exists some critical dipolar strength for which single-band approximation breaks down since two particles can occupy the same site. This critical behavior is controlled by the on-site energy cost ∆ = E pz + U s,pz . In this paper we consider situations when ∆ is positive.
Next we discuss the role of the interaction induced tunnelings in Hamiltonian (1) . Counter intuitively the most important contribution does not come from the induced tunneling in p z band (T s pz,pz ), but from the inter-band tunneling which changes p z orbital to the p xz and p yz ones (T s pz ,pxz (e x )). Note, that this interband tunneling is absent for usual single-particle tunneling due to the properties of single particle Hamiltonian [19] . From properties of p orbital states it follows that T s pz,pxz (−e x ) = −T s pz,pxz (e x ). The relation of this term to other interaction-induced tunnelings is shown in Fig.  1b . From the above analysis we introduce simplified, but realistic model of polar Fermi molecules confined in 2D optical lattice by taking into account effects of interactions between orbitals σ ∈ {s, p z , p xz , p yz }.
Since we consider the case when ∆ > 0, therefore for low filling all fermions occupy only the s orbital states. For filling n = 1/4 and large enough D ( 3) there is non vanishing single-particle excitation gap and the system is in the s-band insulator state (denoted by blue spheres in Fig. 2a ) [7] . Situation change dramatically for higher fillings. It can be simply understood with energy arguments. The energy cost of putting additional particle in the vacant site is given by E vac = V s,s (e x ) + 2V s,s (e x + e y ) + . . .. In contrast the cost of putting additional particle to the p z orbital of an occupied site E occ = ∆ + 2V s,pz (2e x ) + . . .. For D larger than some critical strength one finds that E occ < E vac . As an example, such conditions are fulfilled for V 0 = 8E R , D = 10, and Ω ≤ 14E R . Consequently, additional particles start to fill p z band of previously occupied sites. In this scenario energy conserving dynamics of the system comes from the second-order processes involving tunneling to the next occupied site (along x direction in Fig. 2a ). To the leading order, this effective tunneling is given by
Thus, the p z fermions will only move along one direction chosen by the insulator checkerboard geometry in s-band. The resulting system can be thought as stacks of independent, one-dimensional chains without inter-chain tunnelings. Each chain is characterized by the effective tunneling T eff and the nearest-neighbor interaction V pz ,pz (2e x ). Relation between these parameters can be tuned experimentally by changing the trap confinement (red line -5-in Fig. 1a) as well as the lattice depth. Moreover, due to the absence of the inter-chain tunnelings, we can apply Jordan-Wigner transformation to each chain to map it to chain of independent spin 1/2 XXZ model resulting in a crossover to one-dimensional system. For 2T eff > V pz ,pz (2e x ) such a model will show metallic behaviour with the low energy sector is dominated by the bosonic excitations. From Fig. 1 we see that indeed V pz ,pz (2e x )/T eff < 2 for any confinement for V 0 = 8E R and D = 10. Thus we will see metallic behaviour of the system due p z fermions with the s orbital fermions form- ing a checkerboard density pattern as shown in Fig. 2a .
Next let us discuss the case of filling n = 1/2. Then for low dipolar strength D, due to the same reasons as before fermions will occupy only the s-band. To look into properties of the ground state, we express the average density n i,s = (1 + (−1) ix+iy δ)/2, where δ is the order parameter. We also define the single-particle imaginary time Green functions G(i − j, τ ) = Tâ i,s (τ )â † j,s (0) . By following the procedure described in [17, 18] we find the following equations for G in the momentum space
where in the position space G 1 (i) (G 2 (i)) is equal to G(i) for i x + i y even (odd). The kinetic energy ǫ k = 2J s (cos k x a + cos k y a), the effective potential V = i =0 V ss (i), and δ ′ = δ( i∈odd V ss (i) − 0 =i∈even V ss (i))/V . These mean field equations for G 1 and G 2 are similar to the ones found for extended Hubbard model, with a renormalized nearest neighbour interaction and density imbalance [17, 18] . In our case we consider the neighbors within a radius of |i| ≤ 5. Then, by solving equations (3), we find that in the strong coupling limit δ = 1 − 3J 2 s 2V 2 ss (ex) (δ ∼ .98 for previous parameters). Thus, we find that in this limit the ground state of the system is the checkerboard insulator (blue and thick-red spheres in Fig. 2b) .
Next we look to properties of the system with additional particles. To do it we define deviation from half-filling δn = n − 1/2 and we introduce corresponding chemical potential µ(δn). From energy arguments we find that two scenario can happen. The additional fermion (i) occupies a vacant site with energy cost E vac = 4V s,s (e x ) + 8V s,s (2e x + e y ) + . . . or (ii) it goes to the p z orbital of an occupied site with energy cost E occ = ∆ + 4V s,pz (e x + e y ) + V s,pz (2e x ) + . . . . Consequently, in the second scenario (when E occ ≤ E vac ), all extra fermions will occupy the p z orbitals of the already occupied sites. As an example, such conditions are fulfilled for V 0 = 8E R , D = 8, and Ω ≤ 10E R . In such a case δn corresponds to the filling of p z band fermions. The parallel tunneling of the p z fermions between the occupied sites will again arise from the second order processes (2) . Moreover, tunneling to the diagonally occupied site T
it is 400 smaller than T eff . Consequently fermions in the p z orbitals can move in independent square sublattices (either the thick-red or blue sub-lattice shown in the Fig. 2b) . Note, that fermions can not tunnel between different sub-lattices. Thus we can describe the system of the p z fermions in the blue (thick-red) lattice as pseudo-spin up (down). By introducing operatorsĉ is , where s ∈ {↑, ↓} the effective Hamiltonian can be written as H eff = T eff s {ij}ĉ † isĉ js + H int with
wheren is =ĉ † isĉ is . For convenience we introduce V ↑↑ = V pz ,pz (2e x ) and V ↑↓ = V pz ,pz (e x + e y ). Note, that now {.} is understood as a nearest-neighbor in a given sublattice. Nearest-neighbors between different sub-lattices is denoted by [.] . The modified lattice constant of the sub-lattices is a = 2a. In this way we are able to investigate the system properties with weak-coupling theory. To do this we transform to momentum space and introduce charge fluctuations ρ q = k,s c † k+q,s c k,s and spin fluctuations S q = k,s s c † k+q,s c k,s operators. Subsequently we write
where η q = 2(cos(q x a) + cos(q y a)) and β q = 4(cos(q x a/2) cos(q y a/2)). The system with interactions described by (5) can manifest three possible magnetic instabilities: charge-density wave (CDW), spin-density wave (SDW), and ferromagnetic instability. At δn = 1/4 (each sub-lattice is half-filled in p orbital), as β q = 0 for nesting vector q a = (±π, ±π), interaction in the spin channel becomes repulsive and therefore SDW order is absent. We also find that Stoner ferromagnetism occurs only for very low temperature on the order of 10 −4 × T eff and therefore it can hardly be observed.
Finally, we examine the CDW instability at δn = 1/4 with modulation q a = (±π, ±π). Within weak coupling theory, the transition temperature of the CDW state for the system described by the Hamiltonian (4) is given by T CDW ≈ 8T eff exp −π T eff /V ↑↑ . It means that transition temperature is of the same order as tunneling energy in the s-band. For example, when V 0 = 8E R , Ω = 10E R , and D = 8 we find that T CDW ≈ 0.35J s (∼ 2 nK). One should note that due to the relative shift of sub-lattices the resulting density modulation in this phase looks like stripes rather than standard checkerboard structure as shown in Fig. 2c .
Lastly, we investigate the emergence of triplet superconductivity between the same pseudo-spin fermions, arising via Kohn-Luttinger mechanism (KL) [19] . We look for Cooper pairs with chiral p-wave symmetry. The effective interaction between fermions in KL mechanism in terms of the scattering momentum k − k ′ = q can be written as
where
The summation in (S3) comes from taking into account the second-order terms represented by diagrams shown in Fig. 3a . By performing the integration over the momentum in the limit of T → 0, we finally get antisymmetric part of effective coupling {V eff (q)
Functions F 1 and F 2 originate in the second-order corrections and their detailed forms are given in the supplementary material. The point is that, due to the Van-Hove singularity in density of states, function F 2 contains a logarithmic divergence. At the same time function F 1 is analytical due to the dressing of the density of states. This means that there always exists finite critical µ above which the interaction is attractive and superfluidity appears. From the BCS theory one can get an estimate of the transition temperature T c (derivation is shown in Supplementary material). In Fig. 3b we plot the transition temperature T c as a function of deviation δn for example parameters discussed previously. For δn ∼ 0.22 we get T c ∼ 0.2J s (∼ 1 nK). At half-filling with δn = 1/4 for the red and blue lattices, the transition temperatures for the CDW and superfluidity are similar. This will result in a competition between both instabilities. A detailed account of such scenario is beyond this scope of this paper.
In conclusion, we have derived a generalized Hubbard model for dipolar fermions in an optical lattice by tak- ing into account higher orbitals. We have shown that the effect of these higher orbitals leads to new phenomena. Due to the strong interaction-dependent hopping terms in higher orbitals, these systems can be described by effective weakly-interacting theories. For particular parameters, near n 1/4, we found a cross-over to the one-dimensional physics resulting in simultaneous metallic and density wave properties. For other set of parameters, n 1/2, the system can be described by a weakly interacting Hubbard model with pseudo-spin originating from the lattice geometry. Using the Kohn-Luttinger theory, we found a transition to the chiral p-wave superfluidity without destroying the checkerboard order. The parameters used here are currently experimentally achievable. This paper was supported by the EU STREP NAME-QUAM, IP AQUTE, ERC Grant QUAGATUA, Spanish MICINN (FIS2008-00784 and Consolider QOIT), AAIIHubbard, and the National Science Center grant No. DEC-2011/01/D/ST2/02019. T.S. acknowledges hospitality from ICFO.
with f (.) being the Fermi distribution function. First we put the expression of η q = 2(cos(q xã )+cos(q yã )) and β q = 4(cos(q xã /2) cos(q yã /2)) back to (S3). As we are interested in p-wave interaction, after expanding (S3) in terms of the momentum
In this way we get
where q = k − k ′ . By converting sums to integrals in (S4) we have to compute terms of the form dpQ(q, p), dp sin 2 p x a b Q(q, p), and dp cos p x a b Q(q, p). Function Q(q, p) is a continues counterpart of Q q,p . In the limit of vanishing temperature T → 0 we approximate all integrals dpG(p)
≈ N eff (ǫ, µ p )δ ǫ f dǫ for arbitrary function G(p). The effective density of states reads N eff (ǫ, µ p ) = dkG(k)δ(ǫ − ǫ k ). We see that the only first term inside the third bracket in (S4) is not dressed by cos(p xã ) or sin(p xã ). Hence the effective density of states for this term contains Van-Hove singularity. All other terms with in (S4), due to the dressing by cos(p xã ) or sin(p xã ), are analytic. For convenience, we re-express {V eff (q)} − = −λ(T, µ)(sin(k x a) sin(k 
where F (x) = E(x) − (1 − x)K(x) with K(.) being the Elliptic integral of the first kind and E(.) is the Elliptic integral of the second kind. Then we can write the BCS equation for the transition temperature T c as [1] V p N ef f (0, µ) log
where the effective density of state is given by N ef f (ǫ, µ)
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